Abstract. This paper establishes a topological semiconjugacy between two piecewise monotone maps of the interval which have the same kneading sequences and do not map one turning point into another, whenever itineraries under the second map are given uniquely by their invariant coordinate. Various examples are given and consequences obtained.
0. Introduction. In recent years there has been a great deal of interest in understanding the complicated asymptotic behaviour which arises in studying the iteration of maps of the interval [1, 3-5, 7, 10] . In particular, Guckenheimer [4] classifies maps with negative Schwarzian derivative and one critical point up to topological equivalence by the systematic use of the Milnor-Thurston kneading theory.
In this paper we apply this kneading theory to piecewise monotone, continuous maps and show that within a very general class of maps with the same kneading sequences those maps z for which the invariant coordinate is injective serve as models in the sense that there is a surjective, semiconjugacy from any map onto z (Theorem 5). It follows (Proposition 7) that any two of these maps (with injective invariant coordinates and equivalent kneading sequences) are topologically equivalent. In particular any two expanding maps with equivalent kneading sequences are topologically conjugate. This result implies that (Proposition 8) : A map with one turning point and a kneading sequence which is not eventually periodic is topologically semiconjugatetoamapT^oftheformT^Jc) = p.x(\ -x). The points tCk are called turning points for z and their itineraries are called the kneading sequences of z. An orientation-preserving topological equivalence between maps z\ and zz must preserve kneading sequences.
Define £(Ik) = +1 if z\Ik is increasing, e(Ik) = -1 if z\Ik is decreasing and e(Ck) = 0. Then given a sequence a = {a"}£Lo of symbols Ik and Ck, the invariant coordinate 0(a) = {0"(<?))~ o is defined by 6"(g) = £(a0)e(a1) ■ ■ ■ £(a"_i)a", 0o(a) = a0.
If {.ylöCv) > 6(x)}. Suppose z2 has the property that 0(vi) = 0(^2) only if yx = yz (we shall say that 6(y) is one-to-one for 7/2). Then L(x) intersects U(x) in at most one point. If L(x) and U(x) are nonempty and disjoint then Lemma 1 implies that y1 < y2 for any yx e L(x) and y2 e t/(x). Thus there exists a unique point y -supP(x) = inf U(x). We define y = cflx) in this case and <fi(x) = P(x) f] ^(-*) hi the case where the intersection is nonempty. Thus <p(x) is well defined whenever both L(x) and U(x) are nonempty. We collect the following observations in : For any point z, 6"(A(z)) = s^oOO) • • • e(A"_1(z))A"(z) and 0"_iO4(ííz)) = e(A1(z))
Suppose that x e 7| and <¡¡(x) e II where rltC^, C¿] is increasing. Then e(A0(x)) = + 1. <¡>(x) = sup{ v e 7f|0( y) < 0(x)} and since 7-2|7f is also increasing z2(¡i(x) = sup{z2(y)\y e I\ and 6(y) < 6(x)}. For such a j, if « is the smallest integer for which d"(y) < 6"(x) and « > 0 then by the above 0"-\(z2y) < 0"-i(zix) since e(A0(x)) = +1 = e(B0(y)). Note that n must be greater than 0 since B0(y) = A0(x). Thus z2[L(x) fi Ils ^ 7,(7ix) and zitj/x) < (jAztf). Similarly z2[U(x) fl 7f] Ç U(zix) and r2^/<x) > (pXzix). Thus z2((p(x)) = ç^nx).
If x e 7|, çt(x) e 7f, and TiHC^, CfLJ is decreasing then e(A0(x)) = -1 and **pXx) = z2(sup{yel¡\d(y) < 6(x)}) = ini{z2y\y e I\ and 6(y) < 6(x)} but for such a >> 6"(y) < 0"(x) => d"-i(z2y) > 6n-i(zix) and z2(y) e U(zix). Thuŝ Proof. (¡Ax) is defined for all x since 0(P(O)) < 6(4(0)) < 0(A(x)) <: 6(A(l)) <, 0(P(1)). Note that for points 'x' for which z-ftx) ^ C\ and zn2((¡Ax)) # Cf for any n = 0, 1, 2, ... and k = 1, ..., m we have r"(x) e 7£ if and only if z2((¡Ax)) e 7f.
(This follows from Lemma 2.) We begin by considering such points x0.
Let y0 = (¡Axq). Then Ç^z^B^y^) = {y0} since 0(v) is one-to-one for r2. Lemma 2 and the above comment imply that (¡i(A"(x0)) ç= B"(y0). Therefore Finally consider a point x0 for which (pz"(x0) = rgyX^o) = Cf and n > 0. Let {/ be a neighbourhood of (p(x0) small enough so that C\ i (J^r|(í/)(such a neighbourhood exists because ^(ciixo)) ¥= Cj for m < n). Then r||t/ is a homeomorphism onto an open neighbourhood of Cf. But <¡> is continuous at points like r"(x0) for which (¡rz"(x0) = Cf by the previous result. Thus (¡rl(U) =z\~n(fi~1z2(U) is open. This completes the proof.
What we have shown so far is summarized by Proof. From Theorem 5 we have nondecreasing, onto maps fa, fa such that (¡>i0Zi = z2°fa and fa°z2 = Z\°fa. Then fa°fa°z\ = fa°z2°fa = z\°fa°fa where fa o fa is continuous, nondecreasing, and onto. Let (¡> = fa° fa. Then fax) = x for the dense set of points for which z2fax) # Cf for any 77, i. By continuity dj is the identity.
Similarly fa°fa = identity and fa, fa are homeomorphisms.
Proposition 8. If z is any piecewise monotone map with z(0) = r(l) = 0 and a unique turning point 'C whose kneading sequence is not eventually periodic then z is topologically semiconjugate to a member of the series z^x) = px(l -x).
Proof, z has the kneading sequence of some z^ [4] . Now the maps z^ have at most one periodic attractor which (if it exists) always attracts the critical point x = \ [8, 9] . This would make the kneading sequence of zM eventually periodic. This is excluded and therefore z^ has no periodic orbit and therefore 0(y) is 1-1 for zy The result now follows from Theorem 5. Of course if 0(x) is 1-1 for z, then the z is conjugate to zy
